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Age Fraction of Population

0 1/ + s + 5%) = 6667
s/I(1+ s + 5% = 2440
2 S/ + s + 5% = .0893

ot

Problems 8.7

1. Determine the long run population growth rate for a population whose
individual net maternity function is my = mg = 2, and my = 0, other-
wise. Why does delaying the age at which offspring are first produced
cause a reduction in the population growth rate? (The population
growth rate when my = mg = 2, and my, = 0, otherwise, was deter-
mined on page 339.) ’

2. Determine the long run population growth rate for a population whose

individual net maternity function is mp = my = 0 and mp = my =
. = a > 0. Compare this with the population growth rate when
mg = a, and mp = 0 for k # 2.
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9.1 Queueing Processes

A queueing system consists of ‘“‘customers’ arriving at random times to
some facility where they receive service of some kind and depart. We use
“customer’ as a generic term. It may refer, for example, to bona fide cus-
tomers demanding service at a counter, to ships entering a port, to batches
of data flowing into a computer subsystem, to broken machines awaiting
repair, and so on. Queueing systems are classified according to

(1) the input process, the probability distribution of the pattern of arriv-
als of customers in time;

(2) the service distribution, the probability distribution of the random
time to serve a customer (or group of customers in the case of
batch service); and

(3) the queue discipline, the number of servers and the order of custom-
er service.

While a variety of input processes may arise in practice, two simple and
frequently occurring types are mathematically tractable and give insights
into more complex cases. First is the scheduled input where customers ar-
rive at fixed times T, 2T, 3T, . . .. The second most common model is the
“completely random” arrival process where the times of customer arrivals
form a Poisson process. Understanding the axiomatic development of the
Poisson process in Chapter 5 may help one to evaluate the validity of the
Poisson assumption in any given application. Many theoretical results are
available when the times of customer arrivals form a renewal process.
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342 Queueing Systems

Exponentially distributed interarrival times then correspond to a Poisson
process of arrivals as a special case.

We will always assume that the durations of service for individual cus-
tomers are independent and identically distributed nonnegative random
variables and are independent of the arrival process. The situation in which
all service times are the same fixed duration D is, then, a special case.

The most common queue discipline is first come, ﬁrst served where cus-
tomers are served in the same order in which they arrive. All of the models
that we consider in this chapter are of this*type.

Queueing models aid the design process by predicting system perfor-
mance. For example, a queueing model might be used to evaluate the costs
and benefits of adding a server to an existing system. The models enable us
to calculate system performance measures in terms of more basic quantities.
Some important measures of system behavior are

(1) The probability distribution of the number of customers in the system. Not
only do customers in the system often incur costs, but in many sys-
tems, physical space for waiting customers must be planned for and
provided. Large numbers of waiting customers can also adversely af-
fect the input process by turning potential new customers away. (See
Section 9.4.1 on queueing with balking.)

(2) The utilization of the server(s). Idle servers may incur costs without
contributing to system performance.

(3) System throughput. The long run number of customers passing
through the system is a direct measure of system performance

(4) Customer wattmg time. Long waits for service are annoymg in the
snnplest queueing situations and directly associated with major costs
in many large systems such as those describing ships waiting to unload
at a port facility or patients awaiting emergency care at a hospital.

The Queueing Formula L = AW

Consider a queueing system that has been operating sufficiently long
to have reached an approximate steady state, or a position of statistical equi-
librium. Let

L = the average number of customers in the system;
= the rate of arrival of customers to the system and
W = the average time spent by a customer in the system.

The equation L = AW is valid under great generality for such systems and is
of basic importance in the theory of queues since it directly relates two of
our most important measures of system performance, the mean queue size
and the mean customer waiting time in the steady state, that is, mean queue
size and mean customer waiting time evaluated with respect to a limiting or
stationary distribution for the process.
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The validity of L = AW does not rest on the details of any particular
model, but depends only upon long run mass flow balance relations. To
sketch this reasoning, consider a time T sufficiently long so that statistical
fluctuations have averaged out. Then the total number of customers to have
entered the system is AT, the total number to have departed is A\(T — W),
and the net number remaining in the system L must be the difference

= AT = [MT - W] =
Figure 9.1 depicts the relation L = AW,

Cumulative number

‘time

(a) Random arrivals, departures (b) Smoothed values

Figureg.1 The cumulative number of arrivals and depar-
tures in a queueing system. The smoothed values in (b)
are meant to symbolize long run averages. The rate of ar-
rivals per unit time is A, the mean number in the system is
L and the mean time a customer spends in the system is W.

'
.

Of course what we have done is by no means a proof, and, indeed, we
shall give no proof. We shall, however, provide several sample verifica<
tions of L = AW where L is the mean of the stationary distribution of cus-
tomers in the system, W is the mean customer time in the system deter-
mined from the stationary distribution, and A is the arrival rate in a Poisson
arrival process.

Let Ly be the average number of customers waiting in the system who
are not yet being served, and let Wy be the average waiting time in the sys-
tem excluding service time. In parallel to L = AW, we have the formula

Lo = NW,. ©.1)

The total waiting time in the system is the sum of the waiting time before
service, plus the service time.. In terms of means, we have

W = Wy + Mean Service Time. (9.2)
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In the remainder of this chapter we will study a variety of queueing sys-
tems. A standard shorthand is used in much of the queueing literature for
identifying simple queueing models. The shorthand assumes that the arrival
times form a renewal process, and the format A/B/c uses A to describe the
interarrival distribution, B to specify the individual customer service time
distribution, and ¢ to indicate the number of servers. The common cases for
the first two positions are G = GI for a general or arbitrary distribution, M
(memoryless) for the exponential distribution, Ej (Erlang) for the gamma
distribution of order k, and D for a determiinistic distribution, a schedule of
arrivals or fixed service times.

Some examples discussed in the sequel are :

The M/M/1 queue Arrivals follow a Poisson process; service times
are exponentially distributed; and there is a single server. The number
X{(t) of customers in the system at time ¢ forms a birth and death pro-
cess. (See Section 9.2).

The M/M/~ queue There are Poisson arrivals and exponentially
distributed service times. Any number of customers are processed
simultaneously and independently. Often self-service situations may
be described by this model. In the older literature this was called the
“telephone trunking problem.” 4

The M/GI/1 queue In this model there are Poisson arrivals but ar-
bitrarily distributed service times. The analysis proceeds with the help
of an embedded Markov chain. '

More elaborate variations will also be set forth. Balking is the refusal of
new customers to enter the system if the waiting line is too long. More gen-
erally, in a queueing system with balking, an arriving customer enters the
system with a probability that depends on the size of the queue. Here it is
important to distinguish between the arrival process and the input process as
shown in Figure 9.2. A special case is a queue with overflow in which an ar-
riving customer enters the queue if and only if there is at least one server free
to begin service immediately.

In a priority queue, customers are allowed to be of different types. Both
the service discipline and the service time distribution may vary with the
customer type.

A queueing network is a collection of sexvice facilities where the depar-
ture from some stations form the arrivals of others. The network is closed if
the total number of customers is fixed, these customers continuously circu-
lating through the system. The machine repair model (see the example en-
titled ““Repairman Models” in Section 6.4) is an example of a closed queue-
ing network. In an open queueing network, customers may arrive from,
and depart to, places outside the network, as well as move from station to
station. Queueing network models have found much recent application in
the design of complex information processing systems.
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Figureg.2 If n customers are waiting in a queueing system with balking, an ar-
riving customer enters the system with probability p,, and does not enter with

probability 1 — pp.

Problems 9.1

1. What design questions might be answered by modeling the following

queueing systems?

The Customer The Server
(a) Arriving airplanes The runway
(b) Cars A parking lot
(c) Broken TV’s Repairman
(d) Patients Doctor

(e) Fires Fire engine company

‘
«

What might be reasonable assumptions concerning the arrival process,
service distribution, and priority in these instances?

2. Consider a system, such as a barber shop, where the service required is
essentially identical for each customer. Then actual service times
would tend to cluster near the mean service time. Argue that the ex-
ponential distribution would not be appropriate in this case. For what
types of service situations might the exponential distribution be quite
plausible?

3. Two dump trucks cycle between a gravel loader and a gravel unloader.
Suppose that the travel times are insignificant relative to the load
and unload times, which are exponentially distributed with param-
eters p and A, respectively. Model the system as a closed queueing
network. Determine the long run gravel loads moved per unit time.
Hint: Refer to the example entitled ‘“‘Repairman Models” in Sec-
tion 6.4.
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9.2 Poisson Arrivals and Exponentially Distributed Ser‘vice
Times

The simplest and most extensively studied queueing models are those hav-
ing.a Poisson arrival process and exponentially distributed service times. In
this case the queue size forms a birth and death process (see Sections 6.3 and
6.4), and the corresponding stationary distribution is readily found.

We let A denote the intensity or rate of the Poisson arrival process and
assume that the service time distribution 'is exponential with parameter .

The corresponding density function is
&

glx) = pe™h" for x> 0. 9.3)
For the Poisson arrival process we have A
Pr{An arrivalin [, t + h)} = N + o(h) (9.4)
and )
Pr{No arrivalsin [t, t + h)} = 1 — N1 + ofh). (9.5)

Similarly, the memoryless property of the exponential distribution as ex-
pressed by its constant hazard rate (see Section 1.4.2) implies that

Pr{A service is completed in [¢, t + h)|Service in progress at time £}
= ph + ofh), (9.6)
and
Pr{Service not completed in [t, t + h)|Service in progress at time £}
=1 — ph + o(h). ' (9.7)

The service rate p applies to a particular server. If k servers are simultane-
ously operating, the probability that one of them completes service in a time
interval of duration h is (kw)h + o(h) so that the system service rate is k.
The principle used here is the same as that used in deriving the infinitesimal
parameters of the Yule process (Section 6.1).

We let-X(f) denote the number of customers in the system at time ¢,
counting the customers undergoing service as well as those awaiting ser-
vice. The independence of arrivals in disjoint time intervals together with
the memorvyless property of the exponential service time distribution im-
plies that X(¢) is a time homogeneous Markov chain, in particular, a birth
and death process. (See Sections 6.3 and 6.4).

The M/M/1 System

We consider first the case of a single server and let X(f) denote the
number of customers in the system at time ¢. An increase in X(£) by one unit
corresponds to a cpstomer arrival, and in view of (9.4) and (9.7) and the
postulated independence of service times and the arrival process we have

e
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Pri{X(t + h) =k + 1X(®) = k} = M + o()] X [1 — ph + o(l)]
= Nh + o(h) for k=0,1,.. ..

Similarly, a decrease in X(f) by one unit corresponds to a completion of ser-
vice, whence

Pr{X(t + h) = k — 1|X() = k} = ph + o(h) for k=1,2,....
Then X(£) is a birth and death process with birth parameters
Ap = N for k=0,1,2,. ..
and death parameters
we =@ for k=1,2,.. ..

Of course no completion of service is possible when the queue is empty. We
thus specify pg = 0.
Let

m = lim Pr{X() =k} for k=0,1,. ..

be the limiting or equilibrium distribution of queue length. Section 6.4 de-
scribes a straightforward procedure for determining the limiting distribu-
tion 1y, from the birth and death parameters A, and pg. The technique is to
first obtain intermediate quantities 8; defined by

WYV Vi
B =1 d 9§ = ———mt— f =1, 9.8
0 we ey Wibz Ry orJ _ ©8)
and then
1 0
T = 3 and 7, = Opmg = —;!E- for k=1, (9.9)
2 2

When 3% 0; = , then limy—sw Pr{X(t) = k} = 0 for all k and the queue
length grows unboundedly in time.

For the M/M/1 queue at hand we readily compute 8 = 1 and 6; =
(\u) forj=1,2,. ... Then

2 = Z<A>J = (1—:1—)7@ if A<p,

j=0 J=0 \ M
= ™ if A=
Thus, no equilibrium distribution exists when the arrival rate \ is equal to
or greater than the service rate w. In this case the queue length grows with-

out bound. -
When N < . a bona fide limiting distribution exists given by

1 A
=g=—=1-— 9.10
To Egj W ( )
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and

qm=m%=<1~gcgk for k=0,1,.... (9.11)
w/\p

The equilibrium distribution (9.11) gives us the answer to many questions
involving the limiting behavior of the system. We recognize the form of
(9.11) as that of a geometric distribution, and then reference to Section 1.3.3
gives us the mean queue length in equilibrium to be
4
A
L =——r. 9.12
el ©0.12)
The ratio p = M is called the traffic intensity,

Arrival rate A (9.13)

P = System service rate 1

As the traffic intensity approaches one, the mean queue length L = p/(1 —
p) becomes infinite. Again using (9.8), the probability of being served im-
mediately upon arrival is '
Ty — 1 - ")l N
o
the probability, in the long run, of finding the server idle. The server utili-
zation, or long run fraction of time that the server is busy, is 1 — .= M.
We can also calculate the distribution of waiting time in the station-
ary case when N < . If an arriving customer finds n people in front of
him, his total waiting time T, including his own service time, is the sum
of the service times of himself and those ahead, all distributed exponen-
tially with parameter w, and since the service times are independent of
the queue size, T has a gamma distribution of order n + 1 with scale
parameter W,

n+1 T T

(R
T + 1)

By the IaW of total probabilities, we have

Pr{T =4 = ZDPI{TS tln ahead} X (ﬁ-)n<l - %),

since (A/p)*(1 — N/p) is the probability that in the stationary case a custom-
er on arrival will find »n ahead in line. Now, substituting from (9.14), we ob-
tain

e~ ST (20D

gy MY
{““e <1 w)grwl) "'r

Pr{T = tn ahead} = dr. 9.14)
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= [(1 - ﬁ),k exp{—’r}b(l - ﬁ)}dw =1 = exp[—t(p — N)],

which is also an exponeritial distribution.
The mean of this exponential waiting time distribution is the reciprocal
of the exponential parameter, or

1

W=

(9.15)

Reference to (9.12) and (9.15) verifies the fundamental queueing formula
L =\ W.

A queueing system alternates between durations when the servers are
busy and durations when the system is empty and the servers are idle. An
idle period begins the instant the last customer leaves and endures until the
arrival of the next customer. When the arrival process is Poisson of rate A,
then an idle period is exponentially distributed with mean

mm:%.

A busy period is an uninterrupted duration in which the system is not
empty. When arrivals to a queue follow a Poisson process, then the succes-
sive durations X}, from the commencement of the kth busy period to the
start of the next busy period form a renewal process (see Figure 9.3). Each
Xy, is comprised of a busy portion By, and an idle portion . Then the re-
newal theorem (see “A Queueing Model,” p. 294) applies to tell us that
po(t), the probability that-the system is empty at time ¢, converges to

E[L]

lim po(t) = "o = F[7T+ E[B.]"

X(t)
[
e e p—
| | £
B, 1 Iy B, 2
X, X,

Figure 9.3 The busy periods By, and idle periods I, of a queueing
system. When arrivals form a Poisson process, then X = By +
Iy, k=1, 2, .. . are independent identically distributed non-
negative random variables, and thus form a renewal process.
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We substitute the known quantities mg = 1 — M and E[[;] = 1/\ to ob-
tain

U 7, S
‘. 1U/N 4+ E[Bq]
which solves to give
_ 1
E[B] = 5

for the mean length of a busy period.

In Section 9.3 in studying the M/G/1 system we will reverse this rea-
soning, calculate the mean busy period directly, and then use renewal theory
to determine the server idle fraction mo.

The M/M/* System

When an unlimited number of servers are always available, then all
customers in the system at any instant are simultaneously being served. The
departure rate of a single customer being w, the departure rate of k custom-
ers is kw, and we obtain the birth and death parameters

Me =M and pp = kp for k=0,1,. ...
The auxiliary quantities of (9.8) are
Y PN VA AN
ek____o_l____k__a=_!<_> for k=0, 1,.
[LE7 RN (VA
which sum to

S s u_]‘. l\:.k... A
zek—ksok! (}L) T ¢

k=0

whence
g = - = —Np
20
k=0
and
N p)ke M
Ty, = Opmg =-(——-E‘)—kl—-——— for k=20,1,. .., (9.16)
a Poisson distribution with mean queue length
Lo
W

Since a customer in this system begins service immediately upon arri-
val, customer waiting time consists only of the exponentially distributed
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service time, and the mean waiting time is W = 1/p. Again, the basic
queueing formula L = AW is verified.
The M/G/e queue will be developed extensively in the next section.

The M/M/s System
When a fixed number s of servers are available and the assumption is

made that a server is never idle if customers are waiting, then the appropri-
ate birth and death parameters are
A = A for k=1,2,. ..
kp for k=0,1,.. .,s

R =
S for k>s.

If X(f) is the number of customers in the system at time ¢, then the number
undergoing service is min{X(¢), s} and the number waiting for service is
max{X(f) — s, 0}. The system is depicted in Figure 9.4.

The auxiliary quantities are given by

k
—%(—&) for k=20,1,...,s

s ke~
1 (Jx) (.Z\.) " for k=s,
s/ \sp
and, when A < sp, then

1A} S LS<A)f“
= =3t (u) * ;s! <P«> S

N R
g = —— 1 o
Pk - - c B

L

>o =

2=

. (9.17)
&1 A (M)
= ;,J—l <E) + 90 = Msw) for N < sp.

The traffic intensity in an M/M/s system is p = M/sp. Again as the

r s=75 parallel servers

X
A common
waiting line X Departures
Arrivals N xxx ) — X
X 77
X

Figure 9.4 A queueing system with s servers
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traffic intensity approaches one, the mean queue length becomes un-
bounded. When A < s, then from (9.9) and (9.17),

D EA R YO
T = {j,.zoj! <M) + si(1 — )\/SLL)} ’

1 (A

k
F(E) m fr k=0L...,s

and

m = (9.18) -

1 s k—s
HOE e

We evaluate Ly, the mean number of customers in the system waiting for,
and not undergoing, service. Then

Lo ,Z,(j - sm; = ;k’"'ﬂ»k
S, 1 AN AR
mpkd (2)'(2)

-3 026 .

_ o (2}.) (Msp)

i

I

sbo\p/ (1 = Nsp)2~
Then
Lo
WO = T)
W= Wo + —
1
and
L=)\W=)\<WQ+—1-> = Lo+ X
e M
Problems 9.2

1. On a single graph, plot the server utilization 1 — mp = p and the mean
queue length L = p/(1 — p) for the M/M/1 queue as a function of the
traffic intensity p = Mpfor0 <p < 1.

2. Determine explicit expressions for g and L for the M/M/s queue when
s = 2.Plot1 — mg and L as a function of the trafficintensity p = M2,

3. Determine the mean waiting time W for an M/M/2 system when A = 2
and p = 1.2. Compare this with the mean waiting time in an M/M/1
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system whose arrival rate is A = 1 and service rateis p = 1.2. Why is
there a difference when the arrival rate per server is the same in both
cases?

4. The problem is to model a queueing system having finite capacity. We
assume arrivals according to a Poisson process of rate A, independent
exponentially distributed service times having mean 1/, a single
server, and a finite system capacity N. By this we mean that if an ar-
riving customer finds that there are already N customers in the sys-
tem, then that customer does not enter the system and is lost.

Let X(£) be the number of customers in the system at time ¢. Sup-
pose that N = 3 (2 waiting, 1 being served).
(a) Specify the birth and death parameters for X(®).
(b) In the long run, what fraction of time is the system idle?
(c) In the long run, what fraction of customers are lost?

5. Customers arrive at a service facility according to a Poisson process hav-
ing rate \. There is a single server whose service times are exponential-
ly distributed with parameter p.. Let N(¢) be the number of people in
the system at time t. Then N({) is a birth and death process with pa-
rameters A, = A forn = 0and p, = pforn =1. Assumeh <p. Then
ap = (1 — M)A w)®, k= 0, is a stationary distribution for N(f), cf.
Equation (9.11).

Suppose the process begins according to the stationary distribu-
tion. That is, suppose Pr{N(f) = k} = m,fork =0,1,. . .. Let D(#)
be the number of people completing service up to time t. Show that
D(¢) has a Poisson distribution with mean At. :

Hint: Let Pyi(f) = Pr{D(9) = j|X(0) = k} and Pi(f) = 2 mpPpi(t) =
Pr{D(f) = j}. Use a first step analysis to show that Pos{t + At) =
()P (1) + [1 = MAHIPg ;(f) + o(Af), and fork=1,2,...°

Pyt + Af) = w(A)Py—q, j-1(0 + MAYPy 41, 5B
+[1 = (N + wW(AnIP () + o():

Then use Py(t) = ZpmpPr ;(0) to ‘establish a differential equation. Use
the explicit form of my, given in the problem.

9.3 The M/G/1 and M/G/» Systems

We continue to assume that the arrivals follow a Poisson process of rate A.
The successive customer service times Yy, Ys, . . ., however, are now
allowed to follow an arbitrary distribution G(y) = Pr{Y; = y} having a fi-
nite mean service time v = E[Y3]. The long run service rateis p = 1/v. De-
terministic service times of an equal fixed duration are an important special
case.




354 Queueing Systems

The M/G/1 System

If arrivals to a queue follow a Poisson process, then the successive du-
rations X, from the commencement of the kth busy period to the start of
the next busy period form a renewal process. (A busy period is an uninter-
rupted duration when the queue is not empty. See Figure 9.3.) Each Xj, is
comprised of a busy portion By, and an idle portion I. Then po(f), the prob-
ability that the system is empty at time f, converges to

. E[L
lim po(f) = mp = E[gc—ll]] (9.20)
E[L] |

= E[fL] + E[Bi]

by the renewal theorem (see ‘A Queueing Model,” p. 294).

The idle time is the duration from the completion of a service that emp-
ties the queue to the instant of the next arrival. Because of the memoryless
property that characterizes the interarrival times in a Poisson process, each,
idle time is exponentially distributed with mean E[I;] = 1/X.

The busy period is comprised of the first service time Y3, plus busy pe-
riods generated by all customers who arrive during this first service time.
Let A denote this random number of new arrivals. We will evaluate the con-
ditional mean busy period given that A = nand Yy = y. First

E[BJA=0,Y,=y]l=y

because when no customers arrive, the busy period is comprised of the first
customer’s service time alone. Next consider the case in which A = 1 and
let B’ be the duration from the beginning of this customer’s service to the
next instant that the queue is empty. Then

E[BijJA =1,Yy = y] = y + E[B']
= Y + E[B1]7

because upon the completion of service for the initial customer, the single
arrival begins a busy period B’ that is statistically identical to the first so that
E[B'] = E[B;]. Continuing in this manner we deduce that

E[Byj|A = n, Y; = y] = y + nE[By]

and then, using the law of total probability, that

E[Bi|Y; = y] = gE[BllA =1, Yy = yIPr{A = n|Y; = 3}
| = Z{Y + nE[By]} (Ay___)_"!e___""

n

=y + MNyE[Bi].
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Finally )
E[B;] = [E[BilY1 = y}G()

1l

[ty + MEIBDG() ©0.21)

il

v{1 + AE[B1]}.

Since E[B;] appears on both sides of (9.21) we may solve to obtain

E[B{] = provided Av <1. 9.22)

v
1 - v
To compute the long run fraction of idle time, we use (9.20) and

_ E[1]
T = B[] + E[Bi]

1/ (9.23)
TN + v/(1 = )

=1\ if w<l1.

Note that (9.23) agrees, as it must, with the corresponding expressif)n
(9.10) obtained for the M/M/1 queue where v = 1/p.. For example, if arriv-
als occur at the rate of A = 2 per hour and the mean service time is 20 min-
utes or v = 4 hours, then in the long run the server isidle 1 — 2(§) = § of the
time.

The Embedded Markov Chain

The number X(f) of customers in the system at time £ is not a Markov
process for a general M/G/1 system because, if one is to predict the futu%‘e
behavior of the system, one must know, in additon, the time expended in
service for the customer currently in service. (It is the memoryless property
of the exponential service time distribution that makes this additional infor-
mation unnecessary in the M/M/1 case.)

Let X,,, however, denote the number of customers in the system im-
mediately after the departure of the nth customer. Then {X,} is a Markov
chain. Indeed, we can write

X1 —1+ A, if X1>0,
X, =
A, if X1 =0, (9.24)
= <X e 1)+ + Am

where A, is the number of customers that arrive during the service of the
nth customer and where x* = max{x, 0}. Since the arrival process is Pois-
son, the number of customers A, that arrive during the service of the nth
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customer is independent of earlier arrivals, and the Markov property fol-
lows instantly. We calculate

op = Pr{4, = k} = }Pr{An = klyn = y}G(y)

Il

o b
fW)kf N iG(y) \(9.25)

and then, forj =0,1,. . .,

Pj = Pr{X, = jXp-1 = i} = Pr{dn =j — (i — )™}
(xj—i+1 fOI' = 1, jZ ii + 1) (9.26)

oy for i=0.

The Mean Queue Length in Equilibrium L

The embedded Markov chain is of special interest in the M/G/1 queue
because in this particular instance, the stationary distribution {m;} for the
Markov chain {X,} equals the limiting distribution for the queue length pro-
cess {X(f)}. That is, limsse Pr{X() = j} = limp_w Pr{X, = j}. We will use
this helpful fact to evaluate the mean queue length L.

The equivalence between the stationary distribution for the Markov
chain {X,} and that for the non-Markov process {X(f)} is rather subtle. It is
not the consequence of a general principle and should not be assumed to
hold in other circumstances without careful justification. The equivalence in
the case at hand is sketched in an appendix to this section.

We will calculate the expected queue length in equilibrium L = lim e
E[X($)] by calculating the corresponding quantity in the embedded Markov
chain, L = lim, e E[X,]. If X = X is the number of customers in the sys-
tem after a customer departs and X' is the number after the next departure,
then in accordance with (9.24),

X =X-3+N (9.27)
where N is the number of arrivals during the service period and
1 if X>0
S =
0 if X=0.
In equilibrium, X has the same distribution as does X' and, in particular,
L = E[X] = E[X], (9.28)

and taking expectation in (9.27) gives
E[X'] = E[X] — E[3] + E[N],
and, by (9.28) and (9.23), then
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E[N] = E[8] =1 — mg = Av. 9.29)
Squaring (9.27) gives
(X2 = X2+ 8%+ N? — 28X + 2N(X — 9)
and, since 8% = 3 and Xd = X, then
(X')2=X24+98+ N? — 2X 4+ 2N(X — ). (9.30)

Now N, the number of customers that arrive during a service period, is in-
dependent of X, and hence, of 3 so that

E[N(X — 8)] = E[NIE[X — 3] (9.31)
and because X and X' have the same distribution, then
E[(X)?] = E[X?]. (9.32)

Taking expectations in (9.30) we deduce that
E[(X)?] = E[X?] + E[8] + E[N?] — 2E[X] + 2E[N]JE[X — 8]
and then substituting from (9.29) and (9.32), we obtain
0 = v + E[N?] — 2L + 2av{L — A}

or v
M+ E[N?] — 2(\w)?

2(1 — \v) )

It remains to evaluate E[N?] where N is the number of arrivals dur'ing a

service time Y. Conditioned on Y = y, the random variable N has a Poisson

distribution with a mean (and variance) equal to Ay [see (?‘25)], W}}ence
E[NAY = y] = Ny + (\y)?. Using the law of total probability then gives

(9.33)

E[N?]

I

[ENAlY = ylG()

h}ydC-(y) + )\ijsz(y) (9.34)

A+ N2+ P

where 72 is the variance of the service time distribution G(y). Substituting
{9.34) into (9.33) gives

2 + 22 = ()2
2(1 — Av)
. )\.ZTZ + pZ
S PT—)

where p = \v is the traffic intensity.

(9.35)
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Finally, W = L/\, which simplifies to

W= +)\('rz+v2) 0,36
SVT R - (9.36)

The results (9.35) and (9.36) express somewhat surprising facts. They
say that for a given average arrival rate A and mean service time v, we can
decrease the expected queue size L and waiting time W by decreasing the
variancelof service time. Clearly the best possible case in this respect corre-
sponds to constant service times for which 7% = 0.

The M/G/= System ¢

Complete results are available when each customer begins service im-~
mediately upon arrival independently of other customers in the system.
Such situations may arise when modeling customer self-service systems.
Let Wi, Ws, . . . be the successive arrival times of customers, and let 7,
Vs, . . . be the corresponding service times. In this notation, the kth cus-

tomer is in the system at time ¢ if and only if Wy, < ¢ (the customer arrived,

prior to £) and W}, -+ V), > ¢ (the service extends beyond ¢).

The sequence of pairs (Wy, V1), (W, Vo), . . . forms a marked Poisson
process (see Section 5.6.2), and we may use the corresponding theory to
quickly obtain results in this model. Figure 9.5 illustrates the marked Pois-
son process. Then X(f), the number of customers in the system at time ¢, is
also the number of points (Wy, V3) for which Wy, < tand Wy, + V,, > ¢

Wes Vi)

1 Wl W, Wy 1 W, w

0 Wi :

Figure 9.5 For the M/G/e queue the number of cus-
tomers in the system at time ¢ corresponds to the number
of pairs (Wy, V) for which Wy = tand W, + V> t. In
the sample illustrated here, the number of customers in
the system at time ¢ is 3.
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That is, it is the number of points (W, V4) in the unbounded trapezoid de-
scribed by

Ay ={(w,v):0=w=tandv>1t-— w}.

According to Theorem 5.6, the number of points in A, follows a Poisson
distribution with mean

w(A) = [ [Maw)iGw)

= )\j{ f dG(u)}dw
o (9.37)
= Jl1 = Gt — w)ldw
= )\j[l — Glax)]dx.
In summary,
pr(f) = Pr{X(9) = k}
p(Aagte Y

=" w for k=0,1,...

where p(Ag) is given by (9.37). Ast—>® then
lim w(A) = AJ[1 — G)dx = W
{00 o

where v is the mean service time. Thus we obtain the limiting distribution

k ~Av
’FTk=Q\'L)k,€‘”“ for =0,1,.. ..

Appendix o '

We sketch a proof of the equivalence between the limiting queue size
distribution and the limiting distribution for the embedded Mgrkov chain in
an M/G/1 model. First, beginning at t = Oletm, denote those instants wh'en
the queue size X(f) increases by one (an arrival), and let £, denote those in-
stants when X(f) decreases by one (a departure). Let Y, = X(mp~) denote
the queue length immediately prior to an arrival and let X, = X(§,+) de~,
note the queue length immediately after a departure. I:.or any queue length {
and any time ¢ the number of visits of Y, to i up to time ¢ Qlffers from the
numiber of visits of X, to i by at most one unit. Therefore, in the. 1‘ong run
the average visits per unit time of Yy, to i must equal the average visits of X,
to i, which is 1r;, the stationary distribution of the Markov ch:iun {X,}. Thus
we need only show that the limiting distribution of {X{f)} is the same as



